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Summary

Considering n pairs (X,, T,-) of independent random' variables from some
bivariate population with distribution function F{x, y), the ^-variates are
arranged'in ascending order. Then the y-variates are paired (not necessarily
in ascending order) with these order statistics and are called the concomitants
of order statistics. The general distribution theory of concomitants of order
statistics, when the marginal distribution of X is continuous and tliat of Y
discrete, is discussed and some recurrence relations between the moments of
concomitants of order statistics are obtained.

Keywords : Order Statistics; Concomitants; induced order statistics; selection;
prediction; rank.

1. Introduction

Let {Xi, Yi), I = 1, 2, . . . , « be n pairs of independent random vari
ables from some bivariate population with distribution function F(x, y).
If we arrange the Z-variates in ascending order as

Zi;„ < Z2:„ < . . . <

then the T-variates paired (not necessarily in ascending order) with these
order statistics and denoted by

Yu-.n], Y[2-.ril ytn:ii]

are called the concomitants of order statistics by David (1973) and the
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induced order statistics by Bhattacharya (1974) and Sen (1976). Usually
the concomitants of order statistics : n] are of interest in selection and
prediction problems based on A'r: n when it is expensive to take measure
ments on a random variable Yof interest in comparison to an auxiliary
variable X.

David, O'Connell and Yang (1977) studied the small sample theory of
distribution and expected value of the rank of Yir •.. The exact and
asymptotic distribution theory of Ftr and of its rank are studied by
Yang (1977) when {Xi, y<), i =1, 2,... ,n arefrom an arbitrary absolu
tely continuous bivariate population. In this paper we discus's thegeneral
distribution theory of concomitants of order statistics when the marginal
distribution of X is continuous and that of Y discrete. Some recurrence
relations between the moments of concomitants of order statistics have
also been obtained.

2. Distribution Theory
\

Let {Xi, Yi), i = 1, 2, . . ., n be « pairs of independent random vari
ables from some mixed bivariate distribution function F(x, y). It is assum
ed that the variate X is absolutely continuous with marginal distribution
function F(x) and the variate Y discrete taking only positive, integral
values 0, 1, 2, . . . with marginal distribution function G(y).

Let the conditional probability mass function of :„] given that X, •.
= X be : n (r I ^). Then we have

Pi Ylr -.n] = Y) = J gr:/, (ylx)fr ; „ (x) dx

where/r J„(;>(;) is the p.d.f. of Zr .

More generally, for 1 < ri < rj < . . . < rj <

P{ I'trj :n] —Vl Y^r^^ ;n] = JVs)
-*8 Xt k

= J • • • I J n g,..„ (yi I Xi) ,
— CO — 00 / = 1

' /i-j. . . .,rj^ -.n{xi, . . , Xlc) dXi . . . dXk
for -oo < ;ci < jfj < . . . < ;cj < oo

where/r^,,g.. : „ (aij, . . xt) is the joint p.d.f. of Xr
For r < J

Pix < Xs:n < X + dx, yj;,: „] = y)

•X '' ' • •

= J gi-•. n iy \ t) frs : n{t, x) dt dx

(2.1)

(2.2)

(2.3)
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where/„: „ (t, x) is the joint p.d.f. of Zr:« and Xs -.n.
Further, as in Yang (1977), we have |

E(Yir:„:y=E(E(Y^\Xi = Xr..„)) (2.4)
Var(y[r:„]) = E(yax(cY, | Jri= )) + Var(£(ri | = X:„))

(2.5)
Cov(F[,: „J. Ti,: „]) = Cov(£(yi \X^=Xr,„), E{Y^ \X^ = Xs-., ))

(2.6)
Cov(Z. :„ , 7t,: „3) = Cov(X -.n , E{Yi \ X^ = Xr , „)) (2,7)

where the subscript is taken to be 1 for definiteness.

' 3. Recurrence Relations

Let/j) • ) be an arbitrary specified function such that Eh{Y) exists.
Then we have the following recurrence relations :

Relation I. For = 1, 2, . . . , n — 1

(n - r) A-(//(Ki, :„])) -H r Zr(/!(rt,+,-:„j)) = « E{h{Ylr: „_,])) (3.1)
Proof Using the standard relation.

fr:n{x) = ^ fy , (x) - n(x)
A- . •

in the expression

m(Y:r :„] )) = f EiltiY, IX, = X))fr (;c) dx .
CO

the desired relation is obtained.

Relation 2. For 1 < A: < /m < n

I k-i )
•i <> k • (3.2)

and

" \ k + s )
£(A(%+s:m-J+s\ )) (3.3)
G < y m — /t



r..;
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Proof. Straightforward.'

Relation 3. For / = 1, 2, . . . ,

n

E{hm :»])) =J Î 1)( •)(- 1)*-' Emui)) (3.4)

Proof, Straightforward.

Remark 1. By suitable choice of h( • ), relations between moments,
m.g.f., ch.fr and p.d.f. of concomitants of order statistics are obtained.

In particular, if we define for r < ^

Yk:n = £'(Ylr; n] I'ls: n] )

then we have

Relation 4. For 1 < r < i «

(r - 1) : « + (j —r) Yr-l, I. + (« - 5 + 1) Yr-l.^-l in
— WYr—1, s —1 : n-1. (3.5)

Proof. Straightforward
Remark 2. The above recurrence relations hold also for continuous,

mixed and exchangeable variates.

ACKNOWLEDGEMENT

The authors are grateful to the referee for valuable suggestions.

REFERENCES

[1] Bhattacharya, P. K. (1974) : Convergence of sample paths of normalized sums of
induced order statistics. Amu Statis. 2 : 1034-1039.

[2] David, H. A. (1973): Concomitants of order statistics. Bulletin of the International
Statistical Institute, 295-300.

[3] David, H. A., O'Connell, M. J. and Yang, S. S. (1977) : Distributipn and expect
ed value of the Rank of a concomitant of an order statistics. Ann. Statist, 5 :
216-229.

[4] Sen, P. K. (1976) : A note on invariance principles of induced order statistics.
Ann. Probability, 4 : 474-479.

[5] Yang; S. S. (1977) : General distribution theory of concomitants of order stat
istics. Ann. Statist. 5 : 996-1002.


